Linear Mappings

» Line ing s

¥ Eigenvalus and Eigenvectors.

Linear Mappings
» Linear moppings are funchions defined

on Yector spaces Hat preserve linear

combinations.

"r : Wl’pﬁ ; J—ramﬂ:rmq.k‘on.

Definihion

Ggiven two vector spaces V and W,

We say that T N—=>W is a linear
mappm% it i verifies: Nu,veV and VxeR

() T (a+V)=T(@) +T (V) wri eV

(b) T (xii )= T (). T@), T(9) €W




jxam[ole,. The mo'p,pina T:R' >R

defi Tl [x\]= \ is linear.
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Example. A matnx i2e

mxn. The ma,p,ping, T: R'—-R™ defined

b~|l T (%)= A% s linear.

A(4g) = Axthy U Alazepy)
Aluz) = < Az 3 TR+ pAG
T [x\|-= O ¥
| x/ \L )
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Emmple. The ﬂ\appina f >R defined

by f‘(;ﬂ ( 3‘”) is not linar.

‘\I\)C Can Show dat & does pod preseve

scalor  ulkiplicakion -
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Properkies of lintar magpin%;

Let T-N-=>W be a lineor mpping,l.

2. T (u)=-T(u) -z
3. T (0T Qaligt -+ Galn )= QT [i5) -+ TG
T (B +p7)

Exomple. The mapping #: R>P" defined

by %r/X\.\= [x+1)\ is nol linear

since :F(IO\]':Ii\‘%'/O\.
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Kevnel ond lmwae of o linear map,pin%

Defivition

Let T:V-=W be o linear mapping.

We define Hw kemel and image

of T, respectively, as follows:
KerT=1{%eV, T(x)=0] c\/

ImT= {T(z)e\/J,. eV].cw

=] Bew, §:TG) for some zev]

p Ker T is a subspace of V
»ImT is a svbspace of W.

Ker T is subspese:

X0 ek T —— xZipaekesrT
' g

T(2)=0 _, T(xz443): xT()+pT()

LT ()<

Tud+ 6627




T s a su.bsPo.oe-

WVEWT ~ " " al+pVelmT

d‘f-qp T T i3 \ineor Aﬂl of lm'r
X, ueV  w=T(®) 32&\[, LU4pV = T(i)

an4pi= o T(2) +pT(9)

*T(wztpy)
z

Tis suvieives \wmT=W



T heorem

tt T:V>W be o lineor m?pin% and
et {d), Uy TUn] be o system of

%m-\ors of \. Then G T(ike), -, Ti@)

S oo systemn of %m-e.rq-l-or.s of ImT.

V=Span] Galy, ..., Gn § —> m T =89m% T(G), O, -, TUR

Exoregle. Find Hae kernel and image of

He linear Mapping $: 2> 3

defined b\':
-
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fr' x\| [ x+2
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ln’ed—fve uriechive PO .
g  Surjective, and bijective  mapping

| A :func-h‘or\ ,ff A8 is injec’r{v{,
i$ and on\y if

VxgeR, if x¢y then 23+Hy

or cq,.ui Va\'eﬂ-\'l\l

Viue B, it $09=F14) Phen x=y.

-f' 53 u’njtc..\—w-c_ ] |'f é’ma% has g+ most 1 Sol. \lf&

P A fmckion £:A>B is surjechve if

and ony it
Vbe B, Hue exisls aef such thad
b= (o).

Tis sorjeckive g3 P)=§ hes ab bk L sol VG

A afundn‘on IS b‘n‘;ed—ivc if and only i#

i+ s both injective and  surjeekive.

£.|S b[j(c\"wt if:g #(5()‘2 a\wdﬁa »Ln.s @ W(%m Solwtion.
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Theorem

Let T:V-=W be a linear Magping.. Then:

L Tis ir\J'cchf- if and only if ker T=10].

2. Tis surjeckive 17 and only if ImT=W.

Mmc'}exi zatons

linear ing f:Vou,

we have:

1. £ is injechive i and only i For eoch
li N indepe + {1t Uy, ... un3
e set $2ea), pl@), ..., 2E)] s

linearly independent.

‘f 1S in\'}e_c,l-wc = 4 presenves Lin. Ef\deGJ\dMCf_.




= Suppere  Ahp EANY i;ﬂcce\i«(.
NTS: i 3k, ... Wnd is Lin. ind.
Hon V2@, oo, @) Lin ind.

e @) ¢ )+ - -- & cnf(bn) = ou
;@ ( Gl o g k-~ "}'CM\I“‘S = 0w
N ———— —
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[ X3 Enjtd-idcé Wy Clg &+ ~- -+ Can = Oy
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{“‘l'")a"} (s DineddCzla=Ca=---Ca= 0O

ESuguelf 3RO, L LG T i fin. dep.
Han I)ﬁc,----,ﬁn-s is  n objo
NTS: £ is injcchc.@ Kevt={b}
xe¥er £ £(%)=5
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;L.-F is Sur'jcc-\-'vc. i:F ond only if -fOr ea.ch
system o aene.ra:\'ors of v ] U la, . .. ,ﬁrﬁ /
Heo set 1PN, PU@Y, ..., £LG ] 55 o
System of zenerq’ror.s of W

3. £is bijechve 1 ond only i FPor cach
bosis of N Ad,Us,...Gm], the set
180 ptla), ..y $CGm) | is o basis of
W.

Operations  with lincar ma.ppings

Given thwe linear Mo.ppin%s .f,%:\l-a»w
ond a sScalor AeR, we define e
operations

{-}3:\!—7\:0} (-f{-%)(i): FI+g)
Af: VoW, (AR)R)= AP



ﬂ{orem \l,\ld § T lineow mppm% T:V—p\o)

With e operalions defined above,

He set of linear rvm':plnﬁs between

| +wo vector spaces Vand W is itseld

0 <Yechor spoce.

Moveover, the set of linear mopping s

~ behoeen Vand W has additronal
Shructure:
T(X)=©
Theorem T(7)= 0%
| uven linear V-

i8S aso a lincar mggping.




P Recall +hot £ a funchion is bijechve

then i+ has an inverse funckon.

L Rowlar, ‘V>W js o bijechve
linear rno.?plngr._ﬂm Heve exis+s

a funcHon £7: W=V such Huat

VeV, 2*($(#)=v-Tdy v—=W—V

Voew, #{p"(@))=5. Wv=w

Tdw

Theorem

For each bjjechive linear fonction

f:V-)\:d, 1S inverse mappina -f":“"’v

~|is also a lincor mopping. That is,
£ (a0+pv)= (D + pL7 (D), YO, 7eW

VY, ‘aeﬂl.

N
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Linear mappi ngs ond matrices.

In this secHon, we will see Hrat lineor
mapp'm%s between finite- dimensional
Vechpr Spaces have o matrix representohon.
The mechanism Yo achieve tis motrix
representoton consists in using coordinates

with respect +o  some basis of Vand W-

More wncretely, let T:V>W be o linear
magping, let B be o basis of V, and let
C be o magping of W. For any vector
xeV, the image of % under T is TxelWl
The coordinates of X and TX with respect
to the corresponding bases are [xJs

and [Tx)c. We will see that Hiere
exigts o matnx l‘/‘-‘,:—"e such ot



[Tx]c- MT APy T(%)
The matrix M$TP is the matrix represerthotion
of T when we fix e bases B and C. This
matx converts the coordinates [xly indy

e coordinates [ Tx)e.

> The nokakion MTC has been chosen +o
remark that He makix represention
of T depends of +he bases B and C.
In other words, i+ changes with dhe choice
0} bases.

Matrix assodated +o a lincar mopping.

In His Scch‘on, we will tonstruct Hhe matrix
associated to M \lipeor mo.ppina T:V-3W.



We start by #xmm& o basis for Vand
W. Let B be o bosis for Vand let C
be a basis for W. In paraular, let
8=1b,Ds, ..., bad.
Then we can represent evey XeV as a
linear combination of B using the
coordinates [%x1g. That is,
X= b+ % ba ¥t X3 B3 k-~ Fxnbn j [X]g- ( :‘,)
i

Now, usin% He lineaviyy of T, we have,
Tx= T (1 bi+ xaba+ xsbad-- +%n bn)

= %, T (b)) + % T (@) ¥ x3T(b3)+-=+ xaT(bn).
Since Tz is a vechr of W, we can
Joke e coordinates of T with respect
o e bosis C.
Therefore,



[Ti]c‘ X1 [ T(Tm)]c +xX2 [T(Tmnc t-txn [T(\-Dn)]c
This last cq_uah‘on con be writktn a5 oo
mahix  equation.

[Txde = ((Twle (Tl (Tdm)o) (g,
Compari!\% with the eguation [r2)cs ?ﬁ[ﬂﬂ
at the beainni(\a of He scchon, we seethat

2‘5: ([T(Gn)]c [T(E‘)]c .o - [T(Eﬂ)]f-) .

Matdvix equaton of a linear mappinz_l

Let NV and W be two vector spaces of
dimensions N and m, respectively and let

% and C be bases of V ond W, vespeckively.

G[ivex\ o \inear ma.ppin% T-‘\I—W\l, the
matnx equation of T wWith respect o B

and C is /
(3).> [Tx)e- 1;4‘;’ %1y &> Ta)=9



which, given e coordinates [Xle of o
vechr XeV with respect o B, compuies

+he coordinates [Tx)c of us imoge T%

with respect to C.

M'?"O 1S the matvix asseciaded +o T with

respect +o B and C; that is: the matrix

of size Mxn given by
C,g (ET'(E,)]C [.T(bz)]c LT(Bn)]c),

P The notaton Mcﬂ9 hos been chosen so that
in +he equation [ 1] Mc-';—a [%1a, tva\[{-h\na,
indexed with B is collected on the right,
ond everybning indexed with C i3 collected
on e |eft.

T K->r?
TAz)=% £3J"m7’ \I—+ \79

57. 21, :f;L



> A spcc.ia\ cose js when V=W. Neverineless,
B and C may not be It same bases.

So a second sPec.io.\ cose when V=W ond
B-C. T(2)=A%

EXample, Let ;:IR‘—em’ be o linear mapp\na,
such dhat

) )

| 0

We would like +v write Hhe makrix associated
h f with respect o €2 and €5 the

canonical baseS of R® and ﬂl‘a, respectively .
W“'\} ¢ Domain

Mp = (B0, [£(9)).,)



VU [[#)) )
L3/ 3, (\o/ Je, )
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Example. Let D: 3‘9@. be He linear mopping
defined by Dpuo=p'co. Consider +he
canonical basis B={L,xx*]. Write +he
Matrix assocated with D with respect o
[ (‘H& Second special case discwssed abave).

l"\p - ([Di Jo [x)s [Dé)e [De)s)
=([°)5 [l]a [2"13 [3"133)

Xz L4 34" TZ2=D(1432)= bx

88
(rdg= My [%]a
Jerivahive of %y

——



\0000/}\0}

o\@bx

r

(tz]g =




Examgle- Let T: 1?3—)@., be +he lineor mo.?pin%

defined by Tpoo= xp(x). ConsidLr +he

bases B=q{4, 14x, A+ X, x5 and

C=d1,%,x% 53 x*} of Ps and Ty respechively.




Pssociated matvix: lnjedw‘vik{ and Surjeckivity
In Pnis secHony we will relate Some properties

of o, ltnear rvtappimzS with Some proper Hes
of its assocnted max,

Constder e lineor Map ping T: VoW behween
fo Ainife- dimensional veckor spaces. Since
Wwe con asseciate a matrix with T,

we Wil use e tools developed for
Matricts 4o Shdy +he MOpping T

For this, we need +o }ix o bosis for V:
'b: ? bl'—bz, . --,-Bn}-
We will alse need +o -F{x a basis for W: C.



With $wese hoo bases, we can constroct
1&’5’ He matix associated with 7,’ such
Hhat
B . _ _
[T)c= M7 [X1y, VXeV.
Recall that Hhe makix MP® s given by:
M7= ([Tl [TChale - [TBm]e)

\We have the followsi n9 focks shdted
previously:

o S’Wd\lin% a set of vectos is equivnlen-l
h studying its coordinates.

* Since B is a linear\y indopendent set,
T is injechive 1§ and only if
;T(Ll),T(Ez)I...,TlEn)} IS & linearty
(ndependent set-



*Since B is a gentrating system of V,

Tis sorjective if and ony i$

| T(b) , T(MMLSM'&TQ‘H'\%

~ system of W.

P Firsh, we will shdy e reldionship behoeen
Hu injectivity of T and Hre pivot colum

{0ole, [T e ..., [T(on)e] is linearly
jm&;&ndM-l' Hhese vectors are Hwe wolomng

C
of 2 Therefore, e hove

G8

1T s inechve | on\y 1 o
_Mc;b are linearly independent, equivalenty,
all 4 l re pivols.




»Tis 1n Jec-\—lvf, % and on\y $ fb]ch;'o[ XJ®,
belmT, has a untgue solution,

> Clear\xl, the number of pivois in MP® s
independent of the chosen boses B and C.

» We can relate e injechvity of M7® with

He ronk of ?5

fank. ‘1!9=#in0{'$ 7# tolumng of M:—’g= dimV
by injectivity of T,
all te columns arve pivots.
Example, Let f:lR‘—am’ be o linear ma.pping
such +at
{3(1): 1) , .f(o)-—/a. :
0 2 i )
3 \ o)
We have already Pound +he associoted madrix
with vespect fo e caronical bases:




M?,ﬁt: ' a i o
2 1 |™M10 1
3 0 0 O

We can se8 that all Huo columns of Mp™ ™
are pivots (ee}uivatml-l\, , fank M;"u=dimﬂlz= Z),
Horefore f is injechive.

Examgle. Let D: B, »% be e lnear maggire
defined by 'Dpc,¢)=p'(x), Bs we have
previously seen, the associafed matn'x with
respect o Hhe stondard basis B s

M’o"b= /O 1 O o\
6 0 & O
o 0 o 3
\o 0 o O /




This marix only has 3 pivots and one nongivot

column. 'ntu‘efovc D is not iig echve.

Equivalenﬂ~| , D is not ir}jtc-h'vc because
rank. Mp'® = 3 dim Py=4

Example. Let T 'PB"’@:, be +he lincor mo.pping

defined by Tpod= xpx). Consider +Hhe

bases B={1, 14x, 242" *+x*] and

C=d1,%, x% «2, x4} o} Ps and Wq,resyecl-{vcl\l.

The associated wadrix is

MS'—'”'-‘-/Doo o\ /looo\
1 v 06 o b I ©0 o

6 t + o (71T 00 t O

\00|1/ Oooi/
b 0 0 | \0000




In +Wis cose, every column of M? is o pwf
and therefore T is injechive. Equivalenhy,
T is injeckive  because

rank M7%= 4= dim B

> Now, we will shudy #he relokionship behoeen
W surjechvily of T and He pivots of M®
We knows Hhat T is surjechve if and only if
176N e, [To]c, -, [Tthm1c) is @ system of
generators of R", where medimW. In other
words, e matrix equakon

[ble= M?®[51s, Tel
Should always ave a solution for oy HEW.
For s +o be fne, each row of M7® must
have o pivet in order to avoid contradictions
of twe form 0=4.



Tis suncc—hvc f and only i He oolvmns |

of M7 aonshh;m a System of generators
Jog ", m=dim\, equivakently, each row

of MC'B has o pivot.

PTis Surjechive if and only if the equation
(ble= Mcx'e' [x]e aludoys hos o Soluhion for

ony beW.

4 an te wriechvidy 0 1Hh
He rank c,g
rank M7 -#ano{-s =#ws of Mr =dimW.
W Mur‘.cc.-hmh

of T, each w hay

o pivo\'.




Examgle. Let ;:m‘—em’ be o linear mapping
such +at

) i) | *('i)”‘i)‘

3 | 0

We hove already Pound $we associated matrix
with vespect v e canonical bases:

M?’& (1 a 1 o

| 0 1

5 0 0 O

We can see that not every row of Mf—"ez
has a pivot, Hovefore £ is not surjective .
Equivalently, £ iS not surjechve becavse

rane Mg*™ = 2. # dim R3=3



Example. Constder e linas Mopping T:R->R3
defined by T(X)=AX where
A= /1 4 3 5
2 5 3 13
3 b 10 9 1
Cleasly, the Madix associated o T with respect

fo He canonical bases is A
A~fI 0 o | ©

o ! o ' |

o 0 | 0 )
Since every row of A has o pivot, we have
Hat T is surjective. Equivalenty, T 1s

Surj echive, since
fonk A= 3= digm P>



> To Pinish fhis section, it must be remarked
that T is bijechive if and ony if every
row and every wlumn of M7 hos o pivot.
For #his, i} is necessary ot M;'a is Square
ond invertble.

¥ Moreover, o Mapping con be both ot injechive
ond not svrjec{—Ive. An examgple of +hu
1S e mopping D:#->Ps dofined by
Dptx)=p'w.



Pssocioded  modrix  and chovpe of bases.

Let \/ and W be hwo vechor spaces, and
let T:V>W by g fixed Jbut arbitrary

\NeQY ING -

Recall Hat P matrx assodated ot
’l’@pem!.s on P bases chosen for N and \W.

Nevertheless, e linear magping should no

depend on our doice of bages.
This implies +hat +here is a relakion between

Hwo mobrces associaled with T bud wiHn
respeck o diskinct  boges.

l ¢ veakons exist and constituie

cendey of attenXon of +his Sechon.




Recall $hat Vand W are vechr spaces and
the linear mapping T:\—>W is fixed bus
arbitrary.

Lebs choose #wo dliskinct bases for V: B and B
and two distincd bases £or W: C and T.

Then, we have e :Pollowin% relakions bedween
coordinates:

?

Where BeB and ceC are e corresponding

matrices of changt of bases.



) B
Recall Hhat M:' denotes e modrix asseciated

with T goith respect 4o B and C, and

(R .
7 denotes the mabrix asse clated i

T with vespect +0 B and €.

N convene vmmavize reloton
behoetn  Hhese madrices with He following

dia%mm

wWeT—V
— P -
[W]c = T [V}g
P T
C &C P ) r .
tee My ig BB
Il




Our %c)al s 1o fmd a relation between

¥ and  MEE To do His, we proceed
as  follow:
Consicler e matvix equation associated
with T with respect 3ot st B and L

[Tv]c, M [\/]3, YveV.

Noke +Hnal [T'\?]C.z c:eP-‘E, [TV:\Z an
[_\'/]e'-‘— @?—Z [v]. Sulos%-'-hﬂ-in% Here relafions
in e obove equation, we obtain

e [Tv]c‘ MT ’6<”6 [v)3

LasHy, li'H;)\xiin% bot sides of +his equation
-1
b\i P = P | we obtain

ced Cec



Comoarmo, His last eauokon wikn

[Te); 3 [V18, we diduce

Chaﬂ%fe of boses formula

for Huw matrix associated

W a linear malppm% T

This fur mula. is e relohon behween o

and

c, 8 Hat e were lookma for.

Observe Vow Hue netation can help us

(emember +he Formula above as follows:




On M |6H”hand sidt of He formule

we hove Mc'i??é with Superindeces T and B.
On e rignt hand sicle, hese Same indrces
are on M cx-}-e.rior, whle B and C
appear on He interior. Mowover notice
that e Subingex By below e Superindex
C, and similarly,; Hre Sobindex C y belows
the Soperindex C.

We con aeo use Hwe oLtanmm

WeT—V
[W])e = :36 LV)n
P 1
c ¢, P,,,
C&C Czc MT”;BZ .
I




o remember how o write the dnam%ﬂ of
bases formula. Nohice tt e Gr (0w comecting
dicecty B and T is labeled M7° Plso
notice Yot B and T con be connecked
alternahively vio: B —8—>C—>C.

\,\Jviﬁnog (from right b lept) H la.(wfl(.s‘g
of this allernative poH e 8&4’ ch ; p

T
By,
Since. the Aireck pocH'\ ond He alternative

podM connect P Some fwo yerdices

% and ¢ we  will Sy trat Hey are
: 316: P M“-l“ P b{' .o
eq,ua\ M Tt T 0cB ! 0 amm%

He  Jesired change of boses forrm(a-



Example. Let f:lR‘—ﬂﬂ’ be o linear mapping
such +at

* (T,Y(Z) | *(i)”‘f)'

3

We hove already Pound +we associated matvix
with vespect fo e caronical bases:
€

M?’ 1 a
& |
3 0
Now consider +he ,flollowiflob bases Lor
R and B>

AL

0 |



e will compure He motrix associaked woith

1 with respect to B and C.




Example. Constder e lingar Wapping T >R
defined by T(X)=AX where
A= /1 4 3 5
2 5 3 3 13)°
3 b0 10 9 1
Cleasly, He mokix associated 4o T with respect

fo the canonical boses Es and €3 S M?'zgﬁ.
Consider He bases of ®° ond B2

B= 1 0 O\ /-}_\ /D
O\ |14 [ e, -1 1,[1
0 D 1 »)

\ &
0/

-1

\

—’

o



_ﬂ\QJ motriz associated with T Loith

respect 40 % gnd C is g tven by




